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Abstract
We first recall using the Clifford bundle formalism (CBF) of differen-
tial forms and the theory of extensors acting on Cℓ(M, g) (the Clifford
bundle of differential forms) the formulation of the intrinsic geometry of a
differential manifold M equipped with a metric field g of signature (p, q)
and an arbitrary metric compatible connection ∇ introducing the torsion
(2− 1)-extensor field τ , the curvature (2− 2) extensor field R and (once
fixing a gauge) the connection (1 − 2)-extensor ω and the Ricci opera-
tor ∂ ∧ ∂ (where ∂ is the Dirac operator acting on sections of Cℓ(M, g))
which plays an important role in this paper. Next, using the CBF we
give a thoughtful presentation the Riemann or the Lorentzian geometry
of an orientable submanifold M (dimM = m) living in a manifold M˚
(such that M˚ ≃ Rn is equipped with a semi-Riemannian metric g˚ with
signature (p˚, q˚) and p˚ + q˚ = n and its Levi-Civita connection D˚) and
where there is defined a metric g = i∗g˚, where i : M → M˚ is the inclu-
sion map. We prove several equivalent forms for the curvature operator R
of M . Moreover we show a very important result, namely that the Ricci
operator of M is the (negative) square of the shape operator S of M (ob-
ject obtained by applying the restriction on M of the Dirac operator ∂˚ of
Cℓ(M˚, g˚) to the projection operator P). Also we disclose the relationship
between the (1− 2)-extensor ω and the shape biform S (an object related
to S). The results obtained are used to give a mathematical formulation
to Clifford’s theory of matter. It is hoped that our presentation will be
useful for differential geometers and theoretical physicists interested, e.g.,
in string and brane theories and relativity theory by divulging, improving
and expanding very important and so far unfortunately largely ignored
results appearing in reference [13].
∗Advances in Applied Clifford Algebras (2014) DOI 10.1007/s00006-014-0452-6
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1 Introduction
In this paper we use the Clifford bundle formalism (CBF) in order to ana-
lyze the Riemann or the Lorentzian geometry of an orientable submanifold M
(dimM = m) living in a manifold M˚ such that M˚ ≃ Rn is equipped with a semi-
Riemannian metric g˚ (with signature (p˚, q˚) and p˚+ q˚ = n) and its Levi-Civita
connection D˚.
In order to achieve our objectives and exhibit some nice results that are
not well known (and which, e.g., may possibly be of interest for the description
and formulation of branes theories [16] and string theories [2]) we first recall in
Section 2 how to formulate using the CBF the intrinsic differential geometry of
a structure 〈M, g,∇〉 where ∇ is a general metric compatible Riemann-Cartan
connection, i.e., ∇g = 0 and the Riemann and torsion tensors of ∇ are non
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null. In our approach we will introduce (once we fix a gauge in the frame
bundle) a (1, 2)-extensor field ω : sec
∧1T ∗M → ∧2T ∗M closed related with the
connection 1-forms which permits to write a very nice formula for the covariant
derivative (see Eq.(27)) of any section of the Clifford bundle of the structure
〈M, g,∇〉. It will be shown that ω is related to S : sec
∧1
T ∗M →
∧2
T ∗M the
shape operator biform of the manifold.
Then in Section 3, we suppose that M is a proper submanifold1 of M˚
which i : M 7→ M˚ the inclusion map. Introducing natural global coordinates
(x1, ...,xn) for M˚ ≃ Rn we write g˚ =
∑n
i,j=1ηijdx
i ⊗ dxj ≡ ηijdx
i ⊗ dxj and
equip M˚ with the pullback metric g := i∗g˚. We then find the relation between
the Levi-Civita connection D of g and D˚, the Levi-Civita connection of g˚. We
suppose that g is non degenerated of signature (p, q) with p+ q = m.
Cℓ(M˚, g˚) and Cℓ(M, g) denote respectively the Clifford bundles of differ-
ential forms of M˚ and M2. Moreover, in what follows g˚ =
∑n
i,j=1η
ij ∂
∂xi
⊗
∂
∂xj
≡ ηij ∂
∂xi
⊗ ∂
∂xj
is the metric of the cotangent bundle. The Dirac op-
erators3 of Cℓ(M˚, g˚) and Cℓ(M, g) will be denoted4 by ∂˚ and ∂. Let l =
n − m and {˚e1, e˚2, ..., e˚m, e˚m+1, ..., e˚m+l} an orthonormal basis for T U˚ (U˚ ⊂
M˚) such that {e1, e2, ..., em} = {˚e1, e˚2, ..., e˚m} is a basis for TU (U ⊂ U˚)
and if {θ˚1, θ˚2, ..., θ˚m, θ˚m+1, ..., θ˚m+l} is the dual basis of the {ei} we have
that {θ1, θ2, ..., θm} = {θ˚1, θ˚2, ..., θ˚m} is a basis for T ∗U dual to the basis
{e1, e2, ..., em} of TU . We have, as well known [19]:
∂˚ =
∑n
i=1θ˚
iD˚ei = θ˚
iD˚ei , ∂ =
∑m
i=1θ
iDei = θ
iDei , (1)
Remark 1 Take notice tha the bold face sub and superscripts are use to denote
bases {ei} and {θ
i} of the tangent and cotangent space of M . This notation is
conveniently used in what follows.
The dual basis of the natural coordinate basis { ∂
∂xi
} is denoted in what fol-
lows by {γi} where, of course, γi = dxi. Moreover, we denote by {˚e1, e˚2, ..., e˚m}
the reciprocal frame of {˚ei}, i.e., g˚(˚e
i, e˚j) = δ
i
j and by {θ˚i} the reciprocal
basis of{θ˚i}, i.e., g˚(θ˚i, θ˚j) := θ˚
i · θ˚j = δ
i
j Moreover, take into account that
1By a proper (or regular) submanifold M of M˚ we mean a subset M ⊂ M˚ such that for
every x ∈M in the domain of a chart (U, σ) of M˚ such that σ : M˚ ∩ U → Rn × {l},
σ(x) = (x1, · · · , xn, l1, · · · , lm−n), where l ∈Rn−m.
2For all applications in what follows take notice that
∧
T ∗M =
⊕n
r=0
∧rT ∗M →֒ Cℓ(M, g),
where the symbol →֒ means that for each x ∈ M ,
∧
T ∗xM (the bundle of differential forms)
is embedded in Cℓ(T ∗xM, gx) and
∧
T ∗xM ⊆ Cℓ(
∧
T ∗xM, gx).
3Take notice that the Dirac operators used in this paper is acting on sections of the Clifford
bundle. It is not to be confused with the Dirac operator which acts on sections of the spinor
bundle (see details in [18]) . This last operator can be used to probe the topology of the
brane, as showed in [8]
4We follow here, whenever possible, the notation used in [19]. Note that differently from
references [13, 14, 21] we use the left and right contractions operators y and x and the scalar
product operator (denoted by · ) acting on sections of the Clifford bundle. Also our convention
for the Riemann tensor makes some equations to have a different signals than ones appearing
in the references just quoted.
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for i, j = 1, ...,m it is g(θ
i
, θj) = g˚(θ˚
i, θ˚j) So we will write also g(θ
i, θj) =
θi · θj = δ
i
j. The representation of the Dirac operator ∂˚ in the natural coor-
dinate basis of M˚ is of course,
∑n
i=1γ
i ∂
∂xi
=
∑n
i=1θ˚
iD˚ei . Note that we have
θ˚m+1
∣∣∣
M
= 0, ..., θ˚m+l
∣∣∣
M
= 0, i.e., the {θ˚m+1, ..., θ˚m+l} for any vector field
a ∈ secTU and d = 1, ...,m+ l we have
θ˚m+d
∣∣∣
M
(a) = 0.
We denote moreover
d˚ = ∂˚
∣∣∣
M
:= θiθi· ∂˚ =
∑m
i=1θ
iD˚ei = θ
iD˚ei (2)
the restriction of ∂˚ on the submanifoldM . The projection operatorP (an exten-
sor field5) on M and the shape operator S = d˚P: sec Cℓ(M˚, g˚) → sec Cℓ(M, g)
and shape biform operator of the manifold M , S : sec
∧1
T ∗M 7→
∧2
T ∗M,
S(a) := −(a · dIm)I
−1
m (where τg = Im = θ
1θ2 · · · θm is the volume form6 on
U ⊂ M ) are fundamental objects in this study. The definition of those ob-
jects are given in Section 3 and the main algebraic properties of P, S and S
besides all identities necessary for the present paper are given and proved at the
appropriate places.
Section 4 is dedicated to find several equivalent expressions for the curvature
biformR(u, v) in terms of the shape operator. There we recall that the square of
the Dirac operator ∂ acting on sections of the Clifford bundle has two different
decompositions, namely
∂2 = −(dδ + δd) = ∂ · ∂ + ∂ ∧ ∂, (3)
where d and δ are respectively the exterior derivative and the Hodge coderiva-
tive and ∂ · ∂ + ∂ ∧ ∂ are respectively the covariant Laplacian and the Ricci
operator. The explicit forms of ∂ · ∂ and ∂ ∧ ∂ are given in [19] where it is
shown moreover that ∂ ∧ ∂ is an extensorial operator and the remarkable result
∂ ∧ ∂ θi = Ri, (4)
where the objects Ri = Rijθ
j ∈ sec
∧1
T ∗M →֒ sec Cℓ(M˚, g˚) with Rij the com-
ponents of the Ricci tensor associated with D are called the Ricci 1-form fields.
One of the main purposes of the present paper is to give (Section 5) a detailed
proof of the remarkable equation
∂ ∧ ∂ (v) = −S2(v), (5)
5For a thougtful presentation of the theory of extensor fields, see, e.g., [19].
6The volume τ˚g for on U˚ ⊂ M˚ will be denoted by In = θ˚
1
θ˚
2
· · · θ˚
m
. The volume form τ˚g
on U˚ ⊂M will be denoted In = θ˚1θ˚2 · · · θ˚mθ˚m+1 · · · θ˚m+l = Imθ˚mθ˚m+1 · · · θ˚m+l.
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which says that the shape biform operator is the negative square root of the
Ricci operator7. We moreover find the relation between S(v) and ω(v) thus
providing a very interesting geometrical meaning for the connection 1-forms ωi··j
of the Levi-Civita connection D, namely as the angular ‘velocity’ with which
the pseudo scalar Im when it slides on M .
We also discuss in Section 5 if the present formalism permits to give a math-
ematical representation concerning Clifford’s space theory of matter. In Section
6 we show that in a Lorentzian brane containing a Killing vector field Einstein
equation can be encoded in a Maxwell like equation whose source is a current
given by J = 2S2(A). The article contains also an Appendix presenting some
identities involving the projection operator and its covariant derivative which
permit to prove Proposition 46.
In Section 7 we present our conclusions.
2 Curvature and Torsion Extensor of a Riemann-
Cartan Connection
Let u,v, t, z ∈ secTM and u, v, t, z ∈ sec
∧1 T ∗M →֒ sec Cℓ(M, g) the physically
equivalent 1-forms, i.e., u = g(u,), etc. Let moreover {ea} be an orthonormal
basis for TM and {θa}, θa ∈ sec
∧1 T ∗M →֒ Cℓ(M, g) the corresponding dual
basis and consider the Riemann-Cartan structure (M, g,∇).
Definition 2 The form derivative of M is the operator
ð : sec Cℓ(M, g)→ sec Cℓ(M, g),
ðC : = θaðeaC (6)
where dea is the Pfaff derivative of form fields
ðeaC : =
∑m
r=0ðea〈C〉r (7)
such that if 〈C〉r is expanded in the basis generated by {θ
a}, i.e., 〈C〉r = Cr =
1
r!Ci1···irθ
i1···ir ∈ sec
∧r T ∗M →֒ sec Cℓ(M, g) it is
ðea〈C〉r :=
1
r!
ea(Ci1···irθ
i1···ir) =
1
r!
ea(Ci1···ir )θ
i1···ir . (8)
Given two different pairs of basis {ea, θ
a} and {e′a, θ
′a} we have that
θaðeaC = θ
′a
ð
′
ea
C, (9)
7This result appears (with a positive sign on the second member of Eq.(5) in [13]. See
also [21]. However, take into account that the methods used in those references use the
Clifford algebra of multivectors and thus, comparison of the results there with the standard
presentations of modern differential geometry using differential forms are not so obvious, this
being probably one of the reasons why some important and beautiful results displayed in [13]
are unfortunately ignored.
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since for all Cr
ð
′Cr = θ
′a
ð
′
ea
Cr = θ
′ae′a(
1
r!
C′i1···irθ
′i1···ir ) = θaea(
1
r!
Ci1···irθ
i1···ir ). (10)
Remark 3 We recall also that any biform B ∈ sec
∧2
T ∗M →֒ sec Cℓ(M, g) and
any Ar ∈
∧r
T ∗M →֒ sec Cℓ(M, g) with r ≥ 2 it holds that
BAr = ByAr +B ×Ar +B ∧ Ar. (11)
where for any C,D ∈ sec Cℓ(M, g)
C × D =
1
2
(CD − DC) (12)
We observe that for v ∈
∧1
T ∗M →֒ sec Cℓ(M, g) it is
B × v = Bxv = −vyB. (13)
Call
▽
∂ := θa∇ea the Dirac operator associated with ∇, a general Riemann-
Cartan connection. In [19] it is introduced the Dirac commutator of two 1-form
fields u, v ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) associated with ∇ by
[[ , ]] : sec
∧1
T ∗M × sec
∧1
T ∗M → sec
∧1
T ∗M
[[u, v]] = (u ·
▽
∂)v − (v ·
▽
∂)u − [[u, v]]
where
[[u, v]] = (u · ∂)v − (v · ∂)u, (14)
is the Lie bracket of 1-form fields8.
Definition 4 For a metric compatible connection ∇, recalling the definition of
the torsion operator9 we conveniently write
τ(u, v) = [[u, v]], (15)
which we call the (form) torsion operator.
Remark 5 We recall the action of the operator10 ∂u (u ∈ sec
∧1
T ∗M →
sec Cℓ(M, g)) acting on an extensor field F : sec
∧1
T ∗M → sec
∧r
T ∗M , u 7→
F (u). If u = uiθi, ∂u := θ
k ∂
∂uk
acting on F (u) is given by
∂uF (u) := θ
k ∂
∂uk
F (uiθi) := θ
k ∂
∂uk
uiF (θi)
= θkF (θk) = θ
k
yF (θk) + θ
k ∧ F (θk). (16)
8We have, e.g., that if [ea, eb] = c
d··
·ab
ed, then [[θa, θb]] = c
d··
·ab
θd.
9The torsion operator of a connection ∇ is the mapping τ : secTM × sec TM → sec TM ,
(u, v) 7→ τ(u, v) = ∇uv −∇vv − [u, v].
10More details on the concept of a general derivative operator ∂A (A ∈ sec Cℓ(M, g)) acting
on a a general multiform field E : sec Cℓ(M, g) → sec Cℓ(M, g) may be found, e.g., in [19]
where several explicit examples are given.
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Also the action of the operator ∂u∧∂v (u = u
iθi, v = v
iθi) acting on an extensor
field G : sec
∧1 T ∗M × sec∧1 T ∗M →֒ sec∧r T ∗M , (u, v) 7→ G(u, v) is given
by
∂u ∧ ∂vG(u, v) = θ
k ∂
∂uk
∧ θl
∂
∂ul
umunG(θm, θn)
= θk ∧ θlG(θk, θl). (17)
Definition 6 The mapping
t : sec
∧2
T ∗M → sec
∧1
T ∗M,
t(B) =
1
2
B · (∂u ∧ ∂v)τ(u, v). (18)
is called the (2-1)-extensorial torsion field and
t(u ∧ v) = τ(u, v). (19)
Indeed, from Eq.(18) we have taking B = a ∧ b
t(a ∧ b) =
1
2
(a ∧ b) · (∂u ∧ ∂v)τ(u, v). (20)
Now,
(∂u ∧ ∂v) τ(u, v) = (θ
k ∧ θl)τ(θk, θl). (21)
Then,
t(a ∧ b) =
1
2
(a ∧ b) · (θk ∧ θl)τ(θk, θl) = τ(a, b).
Definition 7 The extensor mapping
Θ : sec
∧1
T ∗M → sec
∧2
T ∗M,
Θ(c) =
1
2
(∂u ∧ ∂v)τ(u, v) · c, (22)
is called the Cartan torsion field.
We have that
t(u ∧ v) = ∂c(u ∧ v) ·Θ(c)
and if ∇eaθ
b := −ωb···acθ
c then
z · t(u ∧ v) = zdu
avbTd···ab,
T c···ab = ω
c··
·ab − ω
c··
·ba − c
c··
·ab . (23)
Definition 8 The connection (1-2)-extensor field ω in a given gauge is given
by (v = g(v, ))
ω : sec
∧1
T ∗M → sec
∧2
T ∗M,
v 7→ ω(v) =
1
2
vcωa·b·c· θa ∧ θb. (24)
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We also introduce the operator
ω : sec
∧1
TM → sec
∧2
T ∗M,
v 7→ ω(v) = ωv :=
1
2
vcωa·b·c· θa ∧ θb (25)
and it is clear that
ω(v) = ωv. (26)
One can immediately verify that for any C ∈ sec Cℓ(M, g) we have11
∇vC = ðvC +
1
2
[ωv, C] (27)
= ðvC + ωv × C,
where ωv × C : =
1
2 (ωvC − Cωv) is the commutator of sections of the Clifford
bundle.
Remark 9 Note for future reference that if v = g(v, ) then
v × C = vyC. (28)
Also take notice that
∇vC = v ·
▽
∂ (29)
Definition 10 The form curvature operator is the mapping12
ρ : sec (
∧1
T ∗M ×
∧1
T ∗M)→ End
∧1
T ∗M,
ρ(u, v) = [u ·
▽
∂, v ·
▽
∂]− [[u, v]] ·
▽
∂
= [∇u,∇v]−∇[u,v]
with u = g(u, ), v = g(v, ), u, v ∈ secTU ⊂ secTM
Definition 11 The form curvature extensor is the mapping
ρ : sec (
∧1
T ∗M ×
∧1
T ∗M ×
∧1
T ∗M)→ sec
∧1
T ∗M,
ρ(u, v, w) = [u ·
▽
∂, v ·
▽
∂]w − [[u, v]] ·
▽
∂w
= [∇u,∇v]w −∇[u,v]w
11For a rigorous derivation of this formula using the concept of connections as 1-forms on a
principal bundle with values in a given Lie algebra see [17].
12As well known the curvature operator of a general connection ∇ is the mapping ρ :
sec (TM × TM)→ EndTM , ρ(u,v) = [∇u,∇v]−∇[u,v].
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with u = g(u, ), v = g(v, ), w = g(w, ), u, v, w ∈ secTU ⊂ TM
It is obvious that for any Riemann-Cartan connection we have
ρ(u, v, w) = −ρ(v, u, w), (30)
One can easily verify that for a Levi-Civita connection we have
ρ(u, v, w) + ρ(v, w, u) + ρ(w, u, v) = 0. (31)
Note however that Eq.(31) is not true for a general connection.
Definition 12 The mapping
R : sec (
∧1
T ∗M)4 → sec
∧0
T ∗M,
R(a, b, c, w) = −ρ(a, b, c) · w, (32)
with a = g(a, ), b = g(b, ), c = g(c, ) w = g(w, ) and u, v,w, c ∈ secTU ⊂
TM is called the curvature tensor.
One can show immediately that for the connection ∇
R(a, b, c, w) = −R(b, a, c, w), (33)
R(a, b, c, w) = −R(a, b, w, c), (34)
and that for a Levi-Civita connection
R(a, b, c, w) = R(c, w, a, b), (35)
R(a, b, c, w) +R(b, c, a, w) +R(c, a, b, w) = 0, (36)
Equation 36 is known as the first Bianchi identity.
Proposition 13 There exists a smooth (2-2)-extensor field,
R : sec
∧2
T ∗M →
∧2
T ∗M,
B 7→ R(B) (37)
called the curvature biform such that for any a, v, c, d ∈ sec
∧1T ∗M we have
R(a, b, c, d) = R(a ∧ b) · (c ∧ d) = −(c ∧ d)yR(a ∧ b) (38)
Such B 7→ R(B) is given by
R(B) = −
1
4
B · (∂a ∧ ∂b)∂c ∧ ∂dρ(a, b, c) · d, (39)
and we also have
R(a ∧ b) = −
1
2
∂c ∧ ∂dρ(a, b, c) · d. (40)
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Proof. First, we verify that Eq.(39) and Eq.(40) are indeed equivalent. Indeed,
Eq.(39) implies Eq.(40) since we have
R(a ∧ b) = −
1
4
(a ∧ b) · (∂p ∧ ∂q)∂c ∧ ∂dρ(p, q, c) · d
= −
1
4
det
[
a · ∂p a · ∂q
b · ∂p b · ∂q
]
∂c ∧ ∂dρ(p, q, c) · d
= −
1
4
(a · ∂pb · ∂q − a · ∂qb · ∂p) ∂c ∧ ∂dρ(p, q, c) · d
= −
1
2
(a · ∂pb · ∂q) ∂c ∧ ∂dρ(p, q, c) · d
= −
1
2
∂c ∧ ∂dρ(a, b, c) · d .
Also, Eq.(40) implies Eq.(39) since taking into account that
B =
1
2
B · (∂a ∧ ∂b)a ∧ b
we have
R(B) = R(
1
2
B · (∂a ∧ ∂b)a ∧ b)
=
1
2
B · (∂a ∧ ∂b)R(a ∧ b)
= −
1
4
B · (∂a ∧ ∂b)∂c ∧ ∂dρ(a, b, c) · d .
Now, we show the validity of Eq.(38). We have taking into account Eq.(40)
R(a ∧ b)y(c ∧ d) = −
1
2
(c ∧ d) · (∂p ∧ ∂q)ρ(a, b, p) · q
= −
1
2
det
[
c · ∂p c · ∂q
d · ∂p d · ∂q
]
ρ(a, b, p) · q
= −
1
2
(c · ∂pd · ∂q − c · ∂qd · ∂p) ρ(a, b, p) · q
= −c · ∂pd · ∂qρ(a, b, p) · q
= −ρ(a, b, c) · d = R(a, b, c, d),
and the proposition is proved.
Proposition 14 The curvature biform R(u ∧ v) is given by13
R(u ∧ v) = u · ðω (v)− v · ðω (u) + ω(u)× ω(v). (41)
13Note that in Eq.(42) [u,v] is the standard Lie bracket of vector fields u and v and
[u, v] := u · ∂v − v · ∂u is the commutator of the 1-form fields u and v. More details if
necessary may be found in [19].
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Proof. The proof is given in three steps (a), (b) and (c)
(a) We first show that Eq.(41) can be written as
R(u ∧ v) = u ·
▽
∂ωv − v ·
▽
∂ωu −
1
2
[ωu,ωv]− ω[u,v]
= ∇uωv −∇vωu −
1
2
[ωu,ωv]− ω[u,v], (42)
with u = g(u, ), v = g(v, ). Indeed,we have
u ·
▽
∂(ω(v)) = u · ð(ω(v))+
1
2
[ω(u),ω(v)]. (43)
and recalling the definition of the derivative of an extensor field, it is:
(u · ðω) (v) ≡ u · ðω (v) := u·ð(ω(v))−ω(u · ðv). (44)
we have,
u · ð(ω(v))−v · ð(ω(u)) = u · ð ω(v)−v · ð ω(u)+ω(u·ðv)−ω(v·ðu)
= u · ð ω(v)−v · ð ω(u)+ω([[u, v]])
= u · ð ωv − v · ð ωu + ω[u,v], (45)
and using the above equations in Eq.(41) we arrive at Eq.(42)
(b) Next we show (by finite induction) that for any C ∈ sec Cℓ(M, g) we have
([∇u,∇v]−∇[u,v])C =
1
2
[R(u ∧ v), C], (46)
with R(u ∧ v) given by Eq.(42). Given that any C ∈ sec Cℓ(M, g) is a sum of
nonhomogeneous differential forms, i.e. C =
∑n
p=0Cp with Cp ∈ sec
∧r
T ∗M →֒
sec Cℓ(M, g) and taking into account that Cp =
1
r!Ci1···ipθ
i1 · · · θip it is enough to
verify the formula for p-forms. We first verify the validity of the formula for a
1-form θi ∈ sec
∧1 T ∗M →֒ sec Cℓ(M, g). Using Eq.(42) and the Jacobi identity
[[ωv, [[ωu,θ
i]]]] + [[ωu, [[θ
i,ωv]]]] + [[θ
i, [[ωv,ωu]]]] = 0, (47)
we have that
1
2
[R(u ∧ v), θi] (48)
=
1
2
{
(∇uωvθ
i − θi∇uωv+
1
2
[[ωv ,ωu], θ
i]− (∇vωuθ
i + θi∇vωu − [ω[u,v],θ
i]
}
=
1
2
{[
∇uωv, θ
i
]
+
1
2
[ωv, [ωu, θ
i]]−
[
∇vωv, θ
i
]
−
1
2
[ωu, [ωv, θ
i]]− [ω[u,v], θ
i]
}
= ∇u∇vθ
i −∇v∇uθ
i −∇[u,v]θ
i. (49)
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Now, suppose the formula is valid for p-forms. Let us calculate the first member
of Eq.(46) for the (r + 1)-form θi1···ir+1 = θi1θi2 · · · θir+1 . We have .
∇u∇v(θ
i1···ir+1)−∇v∇u(θ
i1···ir+1)−∇[u,v](θ
i1···ir+1)
= ∇u((∇vθ
i1)θi2···ir+1 + θi1∇vθ
i2···ir+1)−∇v((∇uθ
i1)θi2···ir+1 + θi1∇uθ
i2···ir+1)
− (∇[u,v]θ
i1)θi2···ir+1)− θi1∇[u,v]θ
i2···ir+1
= (∇u∇vθ
i1)θi2···ir+1 +∇vθ
i1∇uθ
i2···ir+1 +∇uθ
i1∇vθ
i2···ir+1 + θi1∇u∇vθ
i2···ir+1
− (∇v∇uθ
i1)θi2···ir+1 −∇uθ
i1∇vθ
i2···ir+1 −∇vθ
i1∇uθ
i2···ir+1 − θi1∇v∇uθ
i2···ir+1
− (∇[u,v]θ
i1)θi2···ir+1)− θi1∇[u,v]θ
i2···ir+1
= θi1(∇u∇vθ
i2···ir+1 −∇v∇uθ
i2···ir+1 −∇[u,v]θ
i2···ir+1)
+(∇u∇vθ
i1−∇v∇uθ
i1−∇[u,v]θ
i1)θi2···ir+1
= θi1(
1
2
[R(u ∧ v), θi2···ir+1 ]) + (
1
2
[R(u ∧ v), θi1 ])θi2···ir+1
=
1
2
[R(u ∧ v), θi1···ir+1 ], (50)
where the last line of Eq.(50) is the second member of Eq.(46) evaluated for
θi1θi2 · · · θir+1 .
(c) Now, it remains to verify that
R(u, v, t, z) = (t ∧ z) ·R(u ∧ v), (51)
with R(u ∧ v) given by Eq.(42). Indeed, from a well known identity, we have
that for any t, z ∈ sec
∧1T ∗M , and R(u ∧ v) ∈ sec∧2T ∗M it is
(z ∧ t) ·R(u ∧ v) = −zy(tyR(u ∧ v))
= z · (R(u ∧ v)xt)
=
1
2
z · [R(u, v), t]
Eq.(46)
= z · (∇u∇vt−∇v∇ut−∇[u,v]t)
and the proposition is proved.
In particular we have:
R(u, v, z, t) = zct
duavbRc····dab,
Rd····cab = ea(ω
d··
·bc)− eb(ω
d··
·ac) + ω
d··
·akω
k··
·bc − ω
d··
·bkω
k··
·ac − c
k··
·abω
d··
·kc . (52)
and
R(θa, θb, θa, θb) = (θ
a ∧ θb) ·R(θa ∧ θb) = R, (53)
where R is the curvature scalar.
Proposition 15 For any v ∈ sec
∧1 T ∗M →֒ sec Cℓ(M, g)
[∇ea ,∇eb ]v = R(θa ∧ θb)xv − (T
c
ab − ω
c··
·ab + ω
c··
·ba)∇ecv. (54)
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Proof. From Eq.(46) we can write
[∇ea ,∇eb ]v =
1
2
[R(θa ∧ θb), v] +∇[ea,eb]v
= R(θa ∧ θb)xv +∇([ea,eb]−∇eaeb+∇ebea)v +∇∇eaebv −∇∇ebeav
= R(θa ∧ θb)xv +∇−T c··
·ab
ec
v +∇ωc··
·ab
ec
v −∇ωc··
·ba
ec
v
= R(θa ∧ θb)xv − (T
c··
·ab − ω
c··
·ab + ω
c··
·ba)∇ecv
which proves the proposition.
Proposition 16
R(θa ∧ θb) = R
a·
·b = dω
a·
·b + ω
a·
·c ∧ ω
c·
·b (55)
Proof. Recall that using
([∇ek ,∇el ]−∇[ek,el])θ
j = ρ(ek,el)θ
j = −Rj····iklθ
i,
([∇ek ,∇el ]−∇[ek,el])θj = ρ(ek,el)θj = R
i···
·jklθi, (56)
we have
R(θa ∧ θb)xv = v
mρ(ea, eb)θm = v
mRi····mabθi. (57)
On the other hand, for a general connection, we must write
Rab :=
1
2
Rklabθ
k ∧ θl (58)
and then
Rabxv =
1
2
vmRklab(θ
k ∧ θl)xθm = −v
mRmlabθ
l = vmRlmabθ
l = vmRl····mabθl
and the proposition is proved.
Proposition 17 The Ricci 1-forms14 Rd := Rdbθ
b and the curvature biform
R(θa ∧ θb) for the Levi-Civita connection D of g are related by,
Rd =
1
2
(θa ∧ θb)(R(θa ∧ θb)xθ
d) (59)
Proof. Recalling that the Ricci operator is given by15
∂∧∂θd =
1
2
(θa ∧ θb)
(
[Dea , Deb ]θ
d − cc···abDecθ
d
)
(60)
14The Ra
b
:= ηcaRk···
·ckb
are the components of the Ricci tensor.
15See Chapter 4 of [19].
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and moreover taking into account that by the first Bianchi identity it isRc··d∧θc =
0, we have
1
2
(θa ∧ θb)
(
[Dea , Deb ]θ
d − cc··abDecθ
d
)
= −
1
2
(θa ∧ θb)Rd····cabθ
c = Rcdθc
= Rcdyθc +R
cd ∧ θc = −θcyR
cd
= −
1
2
θcy(θ
a ∧ θb)Rcd····ab
= −Rcd····cbθ
b = Rd (61)
which proves the proposition.
Proposition 17 suggests the
Definition 18 The Ricci extensor is the mapping
R : sec
∧1
T ∗M → sec
∧1
T ∗M,
R(v) = ∂uR(u ∧ v). (62)
Remark 19 Of course, we must have R(θd) = Rd. Moreover, we have
∂uR(u ∧ v) = θ
b ∂
∂ub
R(ukθ
k ∧ v) = θb
∂
∂ub
ukR(θk ∧ v)
= θbR(δkbθk ∧ v) = θ
b
R(θb ∧ v)
= θbyR(θb ∧ v) + θ
b ∧R(θb ∧ v)
= θbyR(θb ∧ v).
So,
∂uR(u ∧ v) = ∂uyR(u ∧ v) and ∂u ∧R(u ∧ v) = 0. (63)
3 The Riemannian or Semi-Riemannian Geom-
etry of a Submanifold M of M˚
3.1 Motivation
Any manifold M, dimM = m, according to Whitney’s theorem (see, e.g., [1]),
can be realized as a submanifold of Rn, with n = 2m. However, if M carries
additional structure the number n in general must be greater than 2m. Indeed, it
has been shown by Eddington [9] that if dimM = 4 and ifM carries a Lorentzian
metric g and which moreover satisfies Einstein’s equations, then M can be
locally embedded in a (pseudo)Euclidean space R1,9. Also, isometric embeddings
of general Lorentzian spacetimes would require a lot of extra dimensions [5].
Indeed, a compact Lorentzian manifold can be embedded isometrically in R2,46
and a non-compact one can be embedded isometrically in R2,87! In particular
this last result shows that the spacetime of M-theory [4, 15] may not be large
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enough to contain 4-dimensional branes with arbitrary metric tensors. In what
follows we show how to relate the intrinsic differential geometry of a structure
(M, g, D) where g is a metric of signature (p, q), D is its Levi-Civita connection
and M is an orientable proper submanifold of M˚ , i.e., there is defined on M a
global volume element τg = Im whose expression on U ⊂M is given by
Im = θ
1θ2 · · · θm. (64)
We suppose moreover that M˚ ≃ Rn and it is equipped with a metric g˚ of
signature (p˚, q˚) = n. However, take notice that our presentation in the form of
a local theory is easily adapted for a general manifold M˚ .
3.1.1 Projection Operator P
Definition 20 Let C =
∑n
r=0Cr, with Cr ∈ sec
∧r
T ∗M˚ →֒ sec Cℓ(M˚, g˚). The
Projection operator on M is the extensor field
P : sec Cℓ(M˚, g˚)→ sec Cℓ(M, g),
P(C) = (CyIm)I
−1
m . (65)
Remark 21 Note that for all Ck ∈ sec
∧kT ∗M˚ →֒ sec Cℓ(M˚, g˚), if k > m then
P(Ck) = 0, but of course, it may happen that even if Ar ∈ sec
∧r
T ∗M˚ →֒
sec Cℓ(M, g˚) with r ≤ m we may have P(Ar) = 0.
We define the complement of P by
P⊥(C) = C −P(C) (66)
and it is clear that P⊥(C) have only components lying outside Cℓ(M, g). It is
quite clear also that any C with components not all belonging to sec Cℓ(M˚, g˚)
will satisfy CyIm = 0.
Having introduced in Section 1 the derivative operators ∂˚ and its restriction
d˚ = ∂˚
∣∣∣
M
(Eq. (1) and Eq.(2)) we extend the action of P to act on the operator
d˚, defining:
P(˚d) =
∑m
k=1P(θ
kD˚ek) :=
∑m
k=1P(θ
k)D˚ek =
∑m
k=1θ
kD˚ek = d˚. (67)
3.1.2 Shape Operator S
Definition 22 Given C ∈ sec Cℓ(M˚, g˚) we define the shape operator
S : sec Cℓ(M˚, g˚)→ sec Cℓ(M˚, g˚),
S(C) = d˚P (C) = d˚(P(C))−P(˚dC). (68)
For any C ∈ sec Cℓ(M, g) and v ∈ secTM we write as usual [3, 12]
D˚vC = (D˚vC)‖ + (D˚vC)⊥ (69)
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where (D˚vC)‖ ∈ sec Cℓ(M, g) and (D˚vC)⊥ ∈ sec[Cℓ(M, g)]⊥ where [Cℓ(M, g)]⊥
is the orthogonal complement of Cℓ(M˚, g˚) in Cℓ(M, g).
As it is very well known [3, 12] if g := i∗g˚ and v ∈ secTM (and v = g(v, ))
and C ∈ sec Cℓ(M˚, g˚) the Levi-Civita connection D of g := i∗g˚ is given by
DvC := (D˚vC)‖ (70)
and of course
DvC := (v · ∂˚C)‖ (71)
Moreover, note that we can write for any C ∈ sec Cℓ(M, g)
v · ∂C = (v · ∂˚C)‖ = P(v · ∂˚C) (72)
Also, writing
(D˚vC)⊥ := P⊥(v · ∂˚C) (73)
we have
v · ∂ = P(v · ∂˚) = (v · ∂˚)‖ = (v · d˚)‖ = v · ∂˚ −P⊥(v · ∂˚) = v · d˚−P⊥(v · d˚). (74)
So, it is
v · d˚ImI
−1
m =
∑m
j=1θ
1 · · · (Dvθ
j +P⊥(v · d˚θ
j)) · · ·θmI−1m
= DvImI
−1
m +P⊥(v · d˚θj) ∧ θ
j. (75)
Now, DvIm ∈ sec
∧m
T ∗M →֒ sec Cℓ(M, g) is a multiple of Im and since
I2m = ±1 depending on the signature of the metric g we have that DvIm = 0.
Indeed,
0 = DvI
2
m = 2(DvIm)Im (76)
and so
0 = (DvIm)ImI
−1
m = DvIm.
In any Clifford algebra bundle, in particular Cℓ(M, g) we can build multiples of
the Im not only multiplying it by an scalar function, but also multiplying it by
a an appropriated biform. This result will be used below to define the shape
biform.
3.2 S(˚v) = S(v) = ∂u ∧Pu (˚v) and S(˚v⊥) = ∂uyPu (˚v)
For any C ∈ sec Cℓ(M, g) it is C = P(C) we have (with u ∈ sec
∧1
T ∗M˚ →֒ sec
Cℓ(M˚, g˚))
d˚(P(C)) = d˚P (C)−P(˚dC)
= ∂uPu (C)−P(˚dC)
= ∂u ∧Pu (C) + ∂uyPu (C)−P(˚dC) (77)
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where
Pu (C) := u · d˚P (C) = u · d˚(P(C))− (P(u · d˚C)). (78)
Recall that for v˚ ∈ sec
∧1T ∗M˚ →֒ sec Cℓ(M˚, g˚) we can write
S(˚v) = d˚P (˚v) = ∂u ∧Pu (˚v) + ∂uyPu (˚v) (79)
where we used that for any C˚ ∈ sec Cℓ(M˚, g˚) it is
∂uPu (C˚) :=
∑m
i=1θ
i ∂
∂ui
u · d˚P (C˚) =
∑m
i=1θ
iD˚e˚iP (C˚) = d˚P (C˚) (80)
Putting v˚ = v˚‖ + v˚⊥ = v + v˚⊥ we have the
Proposition 23
S(˚v) = S(v) = ∂u ∧Pu (˚v), S(˚v⊥) = ∂uyPu(˚v). (81)
Proof. Indeed,
S(˚v) = S(˚v‖) + S(˚v⊥) = ∂u ∧Pu (˚v) + ∂uyPu (˚v) (82)
and so, it is enough to show that
∂uyPu (˚v‖) = 0 and ∂u ∧Pu (˚v⊥) = 0, (83)
From P2(˚v) = P(˚v) we get
PuP(˚v‖) +PPu(˚v‖) = Pu(˚v‖), (84)
So, for v˚‖ and v˚⊥ it is
PPu(˚v‖) = 0 and PPu(˚v⊥) = Pu(˚v⊥). (85)
Since PPu(˚v‖) = 0 we have that
∂uyPPu(˚v‖) = P(∂u)yPu(˚v‖) = ∂uyPu(˚v‖) = 0. (86)
From PPu(˚v⊥) = Pu(˚v⊥) we can write
∂u ∧Pu(˚v⊥) = ∂u ∧PPu(˚v⊥) = P(∂u) ∧PPu(˚v⊥) = P(∂u ∧Pu(˚v⊥)). (87)
Now, take t, y ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g). We have
(t ∧ y) · (∂u ∧PPu(˚v⊥)) = (t ∧ y) · (∂u ∧Pu(˚v⊥))
= ty((y · ∂u ∧Pu(˚v⊥)− ∂u ∧ ((yyPu(˚v⊥))
= ty(y · d˚(P(˚v⊥))−P(y · d˚˚v⊥)− θ
i ∧ (yy(θi · d˚(P(˚v⊥))−P(θi · d˚˚v⊥)))
= ty(P(y · d˚˚v⊥)− θ
i ∧ (yyP(θi · d˚˚v⊥)))
= ty(Dyv˚⊥)− θ
i ∧ (yy(Dei v˚⊥))) = 0 (88)
from where it follows that
∂u ∧Pu(˚v⊥) = 0 (89)
and the proposition is proved.
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3.2.1 Shape Biform S
Definition 24 The shape biform (a (1, 2)-extensor field) is the mapping
S : sec
∧1
T ∗M →
∧2
T ∗M, (90)
v 7→ S(v),
such that
v · d˚Im = −S(v)Im. (91)
From Eq.(11) it follows that
S(v)yIm = 0 and S(v) ∧ Im = 0. (92)
Since S(v)yIm = 0 it follows from Remark 21 that
P(S(v)) = 0. (93)
Now, using the fact that DvIm = 0 and Eq.(91) it follows from Eq.(75) that
v · d˚Im = (P⊥(v · d˚θj) ∧ θ
j)Im = −S(v)Im,
i.e.,
S(v) = −P⊥(v · d˚θj) ∧ θ
j. (94)
Proposition 25 For any C ∈ sec Cℓ(M, g) we have
DvC = v · d˚C + S(v)× C = D˚vC + S(v)× C. (95)
Proof. Taking into account Eq.(94) we have for any v, w ∈ sec
∧1
T ∗M →֒
sec Cℓ(M, g)
vyS(w) = −vy(P⊥(w · d˚θj)∧θ
j)
= −(vy(P⊥(w · d˚θj))θ
j + vjP⊥(w · d˚θj)
= vjP⊥(w · d˚θj) = P⊥(w · d˚v)−P⊥[(w · d˚v
j)θj ]
= P⊥(w · d˚v). (96)
So,
v · d˚w = P(v·˚dw) +P⊥(v · d˚w)
= Dvw + wyS(v)
= Dvw − S(v)xw. (97)
Now, for v, w ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) we have
Dv(wu) = (Dvw)u + wDvu = (D˚vw)u + (S(v) × w)u + wD˚vu+ w(S(v)× u)
= (D˚vwu) + (S(v) × w)u − w(u × S(v))
= (D˚vwu) + (S(v) × wu), (98)
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from where the proposition follows trivially by finite induction.
Of course, it is
De
i
C = D˚eiC + S(v)× C (99)
Now, recalling Eq.(27) we have16
D˚eiC = ðeiC + ω˚ei × C (100)
where for i, j = 1, ...,m, D˚eiθ
j = D˚ei θ˚
j = −
∑n
k=1ω˚
j··
·ikθ˚
k, it is
ω˚v =
1
2
vcω˚a·b·c· θa ∧ θb (101)
So, we get
DvC = v · d˚C + S(v)× C
= dvC + (ω˚v + S(v))× C (102)
and in particular
De
i
C = ðeiC + (ω˚ei + S(ei))× C. (103)
Comparison of Eq.(103) with Eq.(25) (valid for any metric compatible connec-
tion) implies the important result
ωv = (ω˚v + S(v)) (104)
We can easily find by direct calculation that in a gauge where ω˚v 6= 0,
ωv = P(ω˚v) (105)
which is consistent with the fact that from Eq.(93) it is P(S(v)) = 0.
Let (x1, ...,xm, ...xn) be the natural orthogonal coordinate functions of M˚ ≃
Rn
Corollary 26 For C ∈ sec Cℓ(M, g)
DvC = v
i ∂
∂xi
C + S(v)× C. (106)
Proof. Taking into account that D ∂
∂xi
dxj = 0 follows that ω˚ ∂
∂xi
= 12 (˚Γkil)dx
k∧
dxl = 0. Using this result in Eq.(95) with ei 7→
∂
∂xi
gives the desired result.
Remark 27 Comparison of Eq.(102) and Eq.(106) shows that S(v) cannot
always be identified with ω(v) which is a gauge dependent operator.
16Take notice that this formula being gauge dependent is not valid if ei 7→ xi where the xi
coordinate vector fields. See Corollary 26.
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3.3 Integrability Conditions
Remark 28 Take into account that the commutator of Pfaff derivatives acting
on any C ∈ sec Cℓ(M, g) is in general non null, i.e.,
[ðei , ðej ]C =
∑m
r=0c
k··
·ij ek(Ci1···im)θ
i1···im 6= 0, (107)
unless ei are coordinate vector fields, i.e., ei 7→ xi.
Remark 29 Also, since the torsion of D˚ is null we have in general
[θi · d˚,θj · d˚]C = [θi, θj] · d˚C = c
k··
·ij θk · d˚C = c
k··
·ij D˚ekC 6=0, (108)
unless ei are coordinate vector fields. Moreover, for the case of orthonormal
vector fields
[θi · d˚,θj · d˚]C 6= [ðei , ðej ]C. (109)
Remark 30 The integrability condition for the connection D˚ is expressed, given
the previous results, by
∂˚ ∧ ∂˚ = 0 (110)
which means that for any C˚ ∈ sec Cℓ(M˚, g˚) it is
∂˚ ∧ ∂˚ C˚ = 0
For the manifold M recalling that xi ≡ ðxi is a Pfaff derivative we have for any
C ∈ sec Cℓ(M, g)
(ðxiðxj − ðxjðxi)C = 0. (111)
If we recall the definition of the form derivative (Eq.(6)), putting
ð := ϑiðxi (112)
we can express the ‘integrability’ condition in M by
ð∧ð = 0. (113)
Finally recalling Eqs.(60) and (61) for v ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) it is
∂ ∧ ∂ v = viR
i (114)
where Ri are the Ricci 1-form fields.
3.4 S(v) = S(v)
Proposition 31 Let C = v ∈ sec
∧1T ∗M →֒ sec Cℓ(M, g) we have
S(v) = S(v). (115)
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Proof. We have
S(v) = d˚(P(v)) −P(˚dv)
= d˚v −P(˚dv). (116)
Now, d˚v = d˚∧v + d˚yv and since P(˚dyv) = d˚yv we have
S(v) = d˚∧v −P(˚d∧v) (117)
It is only necessary due to the linearity S of to show Eq.(115) for v = θd,
d =1, ...,m. We then evaluate
d˚∧θd =
∑m
k=1θ
kD˚ekθd =
∑m
k=1
∑n
t=1,t6=kω˚tkdθ
k ∧ θ˚t
=
∑m
k=1
∑m
t=1,t6=kω˚tkdθ
k ∧ θt +
∑m
k=1
∑m+l
t=m+1ω˚tkdθ
k ∧ θ˚t, (118)
from where it follows that
S(θd) =
∑m
k=1
∑m+l
t=m+1ω˚tkdθ
k∧θ˚t =
1
2
∑m
k=1
∑m+l
t=m+1(ω˚tkd−ω˚ktd)θ
k∧θ˚t (119)
On the other hand
θd · d˚Im = η
11 · · · ηmmD˚ed(θ1 ∧ · · · ∧ θm)
= αD˚ed(θ1 · · · θm)
= α
∑m
k=1
∑n
t=1ω˚tdkθ1 · · · θ˚
t︸︷︷︸
k-position
· · · θm
= α
∑m
k=1
∑m
t=1ω˚tdkθ1 · · · θ
t︸︷︷︸
k-position
· · · θm
+ α
∑m
k=1
∑m+l
t=m+1ω˚tdkθ1 · · · θ˚
t︸︷︷︸
k-position
· · · θm (120)
and now we can easily see that
S(θd)× Im = θd · d˚Im (121)
and it follows that S(θd) = S(θd).
We also have the
Proposition 32 Let v, w ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) we have
v · S(w) = w · S(v) (122)
Proof. Recalling Eq.(119) we can write
v · S(w) =
∑m
i,d=1v
iwdθiy
∑m
k=1
∑m+l
t=m+1ω˚tkdθ
k ∧ θ˚t
=
1
2
∑m
i,d=1v
iwd(ω˚tid − ω˚itd)θ˚
t = w · S(v)
and the proposition is proved.
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3.5 d˚ ∧ v = ∂ ∧ v + S(v) and d˚yv = ∂yv
We first observe that since torsion is null for the Levi-Civita connection D˚ we
have for any u, v ∈ secT ∗M˚ →֒ sec Cℓ(M˚, g˚) we have
u · ∂˚v = v · ∂˚u+ [[u, v]] (123)
from where it follows P⊥([[u, v]]) = 0 when u, v ∈ secT
∗M →֒ sec Cℓ(M, g) since
calculating [[u, v]] with ∂˚ expressed in the natural coordinates of M˚ we find that
[u, v] ∈ secT ∗M →֒ sec Cℓ(M, g). From this it follows that
P⊥(u · d˚v) = P⊥(v · d˚u). (124)
Then we can write
d˚ ∧ v =
m∑
m,k=1
θr ∧ D˚er(v
kθk)
=
m∑
r,k=1
θr ∧ {er(v
k) + vk
m∑
s=1
Lsrkθs)}+
m∑
r,k=1
θr ∧ vk
m+l=n∑
s=m+1
Lsrkθ˚s
= ∂ ∧ v +
m∑
m,k=1
θr ∧ vkP⊥(D˚rθk)
= ∂ ∧ v +
m∑
m,k=1
θr ∧ vkP⊥(D˚kθr)
= ∂ ∧ v + θr ∧P⊥(D˚vθr)
= ∂ ∧ v + θr ∧P⊥(v · d˚θr)
and recalling that S(v) = −P⊥(v · d˚θr)∧θ
r we finally have
d˚ ∧ v = ∂ ∧ v + S(v) (125)
and the proposition is proved.
Also, from (Eq.(83)) we know that ∂uyPu (˚v‖) = 0. So,
d˚v = d˚(P(v)) = d˚P (v) +P(˚dv)
= ∂u∧Pu (v) + ∂uyPu (v) + ∂v
= ∂u∧Pu (v) + ∂ ∧ v + ∂yv
= S(v) + ∂ ∧ v + ∂yv (126)
and thus we see that
d˚yv = ∂yv (127)
We then can write
d˚v = ∂v + S(v). (128)
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3.6 d˚C = ∂C + S(C)
We can generalize Eq.(128), i.e., we have the
Proposition 33 For any C ∈ sec Cℓ(M, g) we have
d˚C = ∂C + S(C),
d˚ ∧ C = ∂ ∧ C + S(C), d˚yC = ∂yC. (129)
Proof. (i) From the fact that for any A,B ∈ sec Cℓ(M˚, g˚) it is P(A ∧ B) =
P(A) ∧ P(B) we have differentiating with respect to u ∈ sec
∧1
T ∗M →֒ sec
Cℓ(M, g)
Pu(A ∧ B) = Pu(A) ∧ B +A ∧Pu(B) (130)
and of course
Pu(A⊥ ∧ B‖) = Pu(A⊥) ∧ B‖, Pu(A⊥ ∧ B⊥) = 0,
Pu(A‖ ∧ B‖) = Pu(A‖) ∧ B‖ +A‖ ∧Pu(B‖). (131)
(ii) For C ∈ sec Cℓ(M, g) it is C = P(C) and we have using Eq.(68)
d˚C = d˚P (C)−P(˚dC)
= d˚∧P (C) + d˚yP (C) + ∂C (132)
(iii) Now, we can verify recalling that S(C) = S(C‖ + C⊥) = S(C‖) + S(C⊥) and
following steps analogous to the ones used in the proof of Proposition 23 that
S(C‖) = S(P(C‖)) = d˚∧P (C‖) S(C⊥) = P(S(C⊥)) = d˚yP (C‖). (133)
(iv) Using Eq.(133) in Eq.(131) we have
d˚∧C + d˚yC = d˚∧P (C) + d˚yP (C) + ∂∧C + ∂yC
or
d˚∧C + d˚yC = S(C) + S(C⊥) + ∂∧C + ∂yC
= S(C) + ∂∧C + ∂yC, (134)
which provides the proof of the proposition.
Proposition 34 For any C ∈ sec Cℓ(M, g) we have:
∂C = P(˚dC) (135)
Proof. From Eq.(68) when C ∈ sec Cℓ(M, g) it is
P(S(C)) = 0.
Then, applying P to both members of the first line of Eq.(129) we have
P(˚dC) =(˚dC)‖ = P(∂C) +P
2(S(C)) = P(∂C) = ∂C (136)
and the proposition is proved.
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4 Curvature Biform R(u∧v) Expressed in Terms
of the Shape Operator
4.1 Equivalent Expressions for R(u ∧ v)
In this section we suppose that the structure (M, g, D) is such that is M a
submanifold of M˚ ≃ Rn and D the Levi-Civita connection of g = i∗g˚. We
obtained in Section 1 a formula (Eq.(41)) for the curvature biform R(u ∧ v) of
a general Riemann-Cartan connection. Of course, taking into account the fact
that R is an intrinsic object, the evaluation of R(u∧ v) does not depend on the
coordinate chart and basis for vector and form fields used for its calculation.
In what follows we take advantage of this fact choosing the basis { ∂
∂xi
, dxi} as
introduced above for which ω˚(u) = 0. Thus, we have, recalling Eq.(41) and
Eq.(42) that
R(u ∧ v) = Du ω(v)−Dv ω(u) + ω(u)× ω(v)− ω[u,v]
= D˚u ω(v)− D˚v ω(u) + ω(u)× ω(v)
− ω(v)× ω(u)− ω(u)× ω(v)− ω[u,v]
= D˚u ω(v)− D˚v ω(u) + ω(u)× ω(v)− ω[u,v]. (137)
On the other hand since in the gauge where ω˚(u) = 0 we have that ω(u) = S(u)
and thus we can also write
R(u ∧ v) = D˚u ω(v)− D˚v ω(u) + S(u)× S(v) − S([u, v]). (138)
Now, putting xi = ∂/∂x
i we have
D˚u ω(v)− D˚v ω(u)
= −uivj{D˚xiS(ϑj)− D˚xJS(ϑi)}
= −uivj{D˚xi(D˚xjIm I
−1
m )− D˚xj(D˚xiIm I
−1
m )}
= −uivj{D˚xiD˚xjIm) I
−1
m ) + (D˚xjIm) (D˚xiI
−1
m )
− (D˚xjD˚xiIm) I
−1
m )− (D˚xiIm) (D˚xjI
−1
m )}
= −uivj{(D˚[xi,xj]Im I
−1
m )− (D˚xjIm) (D˚xiI
−1
m )− (D˚xiIm) (D˚xjI
−1
m )}
= −uivj{−(D˚xjIm) (D˚xiI
−1
m )− (D˚xiIm) (D˚xjI
−1
m )}
= −uivj{((D˚xiIm)I
−1
m ) ((D˚xjI
−1
m )Im)− ((D˚xiIm)I
−1
m ) ((D˚xjI
−1
m )Im)}
= −uivj{((D˚xiIm)I
−1
m ) ((D˚xjIm)I
−1
m )− ((D˚xjIm)I
−1
m ) ((D˚xiIm)I
−1
m )}
= −uivjS(ϑi)S(ϑj) + u
ivjS(ϑj)S(ϑi)
= −S(u)S(v) + S(v)S(u) = −2S(u)× S(v). (139)
Thus, we get
R(u ∧ v) = −S(u)× S(v) − S([u, v]). (140)
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Now take into account that since R(u ∧ v) ∈ sec
∧2
T ∗M →֒ sec Cℓ(M, g) we
must have, of course, −S(u) × S(v) − S([u, v]) = P(−S(u) × S(v) − S([u, v]))
and since Eq.(93) tell us that P(S([u, v]) = 0 we have the nice formula17
R(u ∧ v) = −P(S(u)× S(v)) (141)
which express the curvature biform in terms of the shape biform.
4.2 S2(v) = −∂ ∧ ∂ (v)
In this subsection we want to show the
Proposition 35 Let v ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g). Then,
S2(v) = −∂ ∧ ∂ (v). (142)
Eq.(142) tell us that the square of the shape operator applied to a 1-form
field v is equal to the Ricci operator applied to v. We will comment more on
the significance of this result in the conclusions.
Now, to prove the Proposition 35 we need the following lemmas
Lemma 36 Let C ∈ sec Cℓ(M˚, g) and v ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g).Then
Pv(C) = P(C)× S(v)−P(C × S(v)). (143)
Proof. Indeed,
Pv(C) = D˚v(P(C))−P(D˚vC)
= Dv(P(C))− S(v) ×P(C)−P(DvC − S(v)× C)
= DvC − S(v) ×P(C)−DvC +P(S(v) × C)
= P(C)× S(v)−P(C × S(v)) (144)
which proves the lemma.
Lemma 37 Let C ∈ sec Cℓ(M, g) and v ∈ sec
∧1T ∗M →֒ sec Cℓ(M, g).Then
DvC = D˚vC−Pv(C). (145)
Proof. Follows from the first line in Eq.(144).
Lemma 38 Let C ∈ sec Cℓ(M, g) and u, v ∈ sec
∧1
T ∗M .→֒ sec Cℓ(M, g).Then
DuDvC = P(D˚uD˚vC) +PuPv(C). (146)
17Note that in [13, 21] the second member of Eq.(141) is the negative of what we found.
Our result agrees with the one in [7].
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Proof. Using Eq.(145) we have
Du(DvC) = Du(D˚vC−Pv(C))
= D˚uD˚vC−Pu(D˚vC)− D˚u(Pv(C)) +PuPv(C). (147)
On the other hand we have
P(D˚uD˚vC) = −Pu(D˚vC) + D˚u(P(D˚vC))
= −Pu(D˚vC) + D˚u(DvC)
= −Pu(D˚vC) + D˚u(D˚vC−Pv(C))
= D˚uD˚vC−Pu(D˚vC)− D˚u(Pv(C)). (148)
Putting Eq.(148) in Eq.(146) gives the desired result.
Lemma 39 Let C ∈ sec Cℓ(M, g) and u, v ∈ sec
∧1T ∗M →֒ sec Cℓ(M, g).Then
R(u ∧ v)× C = [Pu,Pv]C. (149)
Proof. Using Eq.(146) we have
[Du, Dv]C = P([D˚u, D˚v]C) + [Pu,Pv]C
= P(D˚[u,v]C) + [Pu,Pv]C
= D[u,v]C + [Pu,Pv]C (150)
Thus we get that
([Du, Dv]−D[u,v])C = [Pu,Pv]C (151)
Recalling now Eq.(46) we have
R(u ∧ v)× C = [Pu,Pv]C
and the lemma is proved
Lemma 40 Let C ∈ sec Cℓ(M, g) and u, v ∈ sec
∧1
T ∗M .→֒ sec Cℓ(M, g). Then,
R(u ∧ v)× C = −P(S(u)× S(v)) × C (152)
Proof. This follows directly from Eq.(141).
Remark 41 We shall now evaluate directly the first member of Eq.(153) to
get Eq.(156) which when compared with Eq.(141) will furnish identities given
by Eq. (157).
([Du, Dv]−D[u,v])C = R(u ∧ v)× C. (153)
Given the linearity of R(u ∧ v) we calculate the first member of Eq.(153) for
the case u = xi, v = xj. Taking into account that DuC = D˚uC + S(u)× C we
get with calculations analogous to the ones in Eq.(139) that
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[Dxi , Dxj ]C = −S(ϑi)× S(ϑj)× C (154)
and taking into account that it is [xi,xj] = 0 we can write the last equation as
([Dxi , Dxj ]−D[xi,xj])C = R(ϑi ∧ ϑj)× C =− S(ϑi)× S(ϑj)× C (155)
and so it follows that
R(u ∧ v)× C =− S(u)× S(v) × C. (156)
Of course, we must have P(S(u)×S(v)×C) ∈ sec Cℓ(M, g). Since S(u)×S(v) =
P(S(u) × S(v)) + P⊥(S(u) × S(v)) and we already know that R(u ∧ v) =
−P(S(u)×S(v)) it follows that P⊥(S(u)×S(v)) = 0 and moreover we get that
P(S(u)× S(v) × C) = P(S(u)× S(v)) × C = P(S(u)× S(v)) ×P(C). (157)
Lemma 42 Let C ∈ sec Cℓ(M, g) and u, v ∈ sec
∧1
T ∗M →֒ ∈ sec Cℓ(M, g)
R(u ∧ v) = Pv(S(u)) (158)
Proof. Taking C = S(u) in Eq.(144) and recalling Eq.(93) P(S(u)) = 0.we get
Pv(S(u)) = −P(S(u)× S(v)) (159)
which proves the lemma.
Remark 43 From Eq.(159) we immediately have
Pu(S(v)) = −P(S(v)× S(u)) = P(S(u)× S(v)) = −Pv(S(u)) = −Pv(S(u))
(160)
where the last term follows from the fact that S(u) = S(u).
Proof. (of Proposition 35) We know that R(v) = ∂uR(u ∧ v). Thus using
Eq.(160) and recalling Eq.(68) we can write
R(v) = ∂uPv(S(u)) = −∂uPu(S(v)) (161)
= −d˚P (S(v)) = −S(S(v)) = −S2(v).
Since we already showed that R(v) = ∂ ∧ ∂ (v) we get
∂ ∧ ∂ (v) = −S2(v)
and the proposition is proved.
Remark 44 Note that whereas S(v) is a section of Cℓ(M˚, g˚), S2(v) ∈ sec
∧1
T ∗M →֒
sec Cℓ(M, g)
Proposition 45 Let u, v, w ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g). Then,
R(u ∧ v) =
1
2
∂w ∧ [Pv,Pu](w). (162)
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Proof. From Eq.(149) with C = w ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) we have
R(u ∧ v)× w = [Pu,Pv](w). (163)
Now, the first member of Eq.(163) is
R(u ∧ v)× w = −wyR(u ∧ v)
Now, writing R(u ∧ v) = 12u
ivR··klij·· θk ∧ θl we have
∂w ∧ (R(u ∧ v)× w) = −θ
r ∧ (θryR(u ∧ v))
−
1
2
uivjθr ∧ (θ
r
yR klij θk ∧ θl) = −2R(u ∧ v). (164)
Taking into account Eq.(163) and Eq.(164) the proof follows.
We can also prove the proposition as follows: directly from Eq.(151) we can
write
[Pu,Pv](w) = u
kvl([Dek , Del ]−D[ek,el])w = u
kvlwjRi····jklθi. (165)
Thus
1
2
∂w ∧ [Pu,Pv](w) =
1
2
θm
∂
∂wm
∧ (ukvlwjRi····jklθi)
=
1
2
ukvlRimklθ
m ∧ θi
= −ukvlRkl = −R(u ∧ v) (166)
and the proof is complete.
Proposition 46 Let u, v, w ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g). Then,
R(u ∧ v) = ∂w ∧PvPu(w). (167)
Proof. Recall that we proved (Eq.(158)) that R(u ∧ v) = Pv(S(u)). Also
Eq.(81) says that S(u) = S(u) = ∂w ∧ Pw(u) for any u,w ∈ sec
∧1
T ∗M →֒
sec Cℓ(M, g). Now from Eq.(181) we have
Pw(u) = Pu(w) = u · d˚P (w) = D˚uP (w) = D˚u(P(w))−P(D˚uw) = (D˚uw)⊥
(168)
which means that
Pw(u) = (Pw(u))⊥. (169)
Then, we have that
R(u ∧ v) = Pv(S(u)) = Pv(∂w ∧Pw(u))
= Pv(∂w ∧Pu(w)) = Pv((∂w)‖ ∧ (Pu(w))⊥)
Eq.(184)
= ∂w ∧PvPu(w))⊥
and the proof is complete.
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Remark 47 Since R(u ∧ v) = −R(v ∧ u), Eq.(167) implies that u, v, w ∈
sec
∧1T ∗M →֒ sec Cℓ(M, g)
∂w ∧PvPu(w) = −∂w ∧PuPv(w), (170)
thus exhibiting the consistency of Eq.(167) with Eq.(162).
5 On Clifford’s Little Hills
One could think that the fact that ∂ ∧∂ (v) = R(v) = −S2(v) when applied to
General Relativity coupled with brane theory permits to give a mathematical
formalization to Clifford’s intuition18 presented in [6], namely that:
(1) That small portions of space are in fact of a nature analogous to
little hills on a surface which is on the average flat; namely, that the
ordinary laws of geometry are not valid in them.
(2) That this property of being curved or distorted is continually be-
ing passed on from one portion of space to another after the manner
of a wave.
(3) That this variation of the curvature of space is what really
happens in that phenomenon which we call the motion of matter,
whether ponderable or ethereal.
(4) That in the physical world nothing else takes place but this
variation, subject (possibly) to the law of continuity.
Let us see how to proceed. Let19 (M, g, D, τg, ↑) be a model of a gravitational
field generated by an energy momentum tensor T a := T abθ
a ⊗ θb describing all
matter of the universe according to General Relativity theory. As well known
Einstein equation can be written as
∂∧ ∂ θa = −T a +
1
2
T θa, (171)
where T a := T abθ
b and T := T aa , with T
a
b . If we suppose that the structure
(M, g) is a submanifold of (M˚ ≃ Rn, g˚) for n large enough as discussed in the
beginning of Section 3 we can write Eq.(171) taking into account Eq.(142) as
S2(θa) = T a −
1
2
T θa. (172)
So, in a region where there is no matter S2(θa) = 0, despite the fact that
S(θa) = S(θa) may be non null. So, a being living in the hyperspace Rn and
looking at our brane world will see the little hills (i.e., “matter”) are special
shapes in M , places where the S2(θa) 6= 0 which act as sources for P(˚dyS(θa))
since P(˚dyS(θa)) = −S2(θa).
18Taking into account, of course, that differently from Clifford’s idea, instead of a space
theory of matter, we must talk about a spacetime theory of matter.
19The symbol ↑ means that the Lorentzian manifold (M, g) is time orientable. Details in
[19].
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Remark 48 To properly appreciate the above argument one must take in mind
that the shape extensor depends for its definition on the metric g˚ and the Levi-
Civita D˚ connection of g˚ used in M˚ . So, a different choice of metric in M˚
will imply in Clifford’s little hills to be represented by different shape extensors.
Despite this fact, it seems to us that shape is most appealing than the curvature
biform20 or the Ricci 1-form fields Ra = ∂∧∂ θa as indicator of the presence
of matter as distortions in the world brane M . Indeed, inner observers living
in M in general may not have enough skills and technology to discover the
topology of M and so cannot know if their brane world is a bended surface in the
hyperspace (i.e., M˚) or even if a open set U ⊂M is a part of an hyperplane or
not. Moreover, those inner observers that have learned a little bit of differential
geometry know that they cannot say that their manifold is curved based on the
fact that the curvature biform is non null, for they know that the curvature
biform is a property of the connection (parallelism rule) that they decide to use
by convention in M and not an intrinsic property of M . They know that if they
choose a different connection it may happen that its curvature biform may be
null and their connection (not their manifold) may have torsion and even a non
null nonmetricity tensor21 So, with their knowledge of differential geometry they
infer that little hills (as seems for beings living in M˚) can only be associated to
the shape extensor if they use Levi-Civita connection of g in M .
6 A Maxwell Like Equation for a Brane World
with a Killing Vector Field
When (M, g) admits a Killing vector field A ∈ secTM then it follows [20]
that δA = 0, where A = g(A, ) ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g). In this case
we can show that the Ricci operator applied to A is equal to the covariant
D’Alembertian operator applied to A, i.e.,
∂ ∧ ∂ A = ∂ · ∂ A (173)
Now, recalling Eq.(3) that the square of the Dirac operator ∂2 can be decom-
posed in two ways, i.e.,
∂ ∧ ∂ A+ ∂ · ∂ A = ∂2A = −dδA− δdA (174)
we have writing F = dA and taking into account that δA = 0 that Einstein
equation can be written as
δF = 2S2(A) (175)
and since dF = ddA = 0 we can write Einstein equation as:
∂F = −2S2(A). (176)
20Recall that R is in general non null even in vacuum.
21Details about these possibilities are discussed in [10] where a theory of the gravitational
field on a brane diffeomorphic to R4 is discussed.
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Eq.(176) shows that in a Lorentzian brane M of dim 4 which contains a
Killing vector field A, Einstein equation is encoded in an “electromagnetic like
field” F having as source a current J = 2S2(A) ∈ sec Cℓ(M, g).
7 Conclusions
In this paper, we gave a thoughtful presentation of the geometry of vector man-
ifolds using the Clifford bundle formalism, hopping to provide a useful text for
people (who know the Cartan theory of differential forms) 22 and are inter-
ested in the differential geometry of submanifolds M (of dimension m equipped
with a metric23 g = i∗g˚ of signature (p, q) and its Levi-Civita connection D)
of a manifold M˚ ≃ Rn (of dimension n and equipped with a metric g˚ of sig-
nature (p˚, q˚) and its Levi-Civita connection D˚). We proved in details several
equivalent expressions for the curvature biforms R(u ∧ v) and moreover proved
that the Ricci operator ∂ ∧ ∂ when applied to a 1-form field v is such that
∂ ∧ ∂ (v) = R(v) = −S2(v) (R(v) = Rabθb) is the negative of the square of
the shape operator S. We showed in Section 5 that when this result is applied
to General Relativity it permits to give a mathematical realization to Clifford’s
theory of matter. Moreover in Section 6 we show that in a Lorentzian brane
containing a Killing vector field Einstein equation can be encoded in a Maxwell
like equation whose source is a current given by J = 2S2(A).
To end we observe that although some (but not all) of the results in this pa-
per appear in [13, 14, 21], our methodology and many proofs differs considerably.
We use of the Clifford bundle of differential forms Cℓ(M, g)) and give detailed
and (we hope) intelligible proofs of all formulas, clarifying some important is-
sues, presenting, e.g., the precise relation between the shape biform S evaluate
at v (a 1-form field) and the connection extensor ω evaluated at v (Eq.(104)). In
particular, our approach also generalizes for a general Riemann-Cartan connec-
tion the results in [14] which are valid only for the Levi-Civita connection D of
a Lorentzian metric of signature (1, 3). Moreover our approach makes rigorous
the results in [14] which are valid only for 4-dimensional Lorentzian spacetimes
admiting spinor structures24, since in [14] it is postulated that the frame bundle
of M has a global section (there called a fiducial frame).
A Some Identities Involving P and Pu
The projection operator P has been defined by Eq.(65) and its covariant deriva-
tive Pu := u · d˚P has been defined by Eq.(78). Let C,D ∈ sec Cℓ(M˚, g˚). Since
P(C ∧ D) = P(C) ∧P(D), (177)
22This includes people, we think, interested in string and brane theories and General Rela-
tivity.
23i : M → M˚ is the inclusion map.
24See [11] for details.
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we have for any u ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) that
Pu(C ∧ D) = Pu(C) ∧P(D) +P(C) ∧Pu(D). (178)
From P2(C) = P(C) we have that
PuP(C) +PPu(C) = Pu(C). (179)
Now, we easily verify that
Pu(w) = P⊥(u · d˚w), Pw(u) = P⊥(w · d˚u). (180)
Now, we already know from Eq.(124) that P⊥(u · d˚w) and P⊥(w · d˚u) are
equal and thus
Pu(w) = Pw(u). (181)
From this equation also follows immediately that
PuP(w) = PwP(u). (182)
Now given that each X ∈ sec Cℓ(M˚, g˚) can be written as X = X‖+X⊥, with
X‖ = P(X ) we get from Eq.(179) that
PPu(X‖) = 0, PPu(X⊥) = Pu(X⊥). (183)
Also, from Eq.(178) we have immediately taking into account Eq.(183) for any
C,D ∈ sec Cℓ(M˚, g˚) that
Pu(C‖ ∧ D⊥) = C‖ ∧Pu(D⊥). (184)
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